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Abstract 

Two-point functions of the scalar curvature for metric fluctuations on the 
four-sphere are analysed. The two-point function for points separated by a 
fixed distance and for metrics of fixed volume is calculated using spacetime 
foam methods. This result can be used for comparison between the continuum 
approach to quantum gravity and numerical quantum gravity on the lattice. 
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I. INTRODUCTION 



The aim of this paper is to compute two-point functions for the scalar curvature on the 
4-sphere. Our results are based upon the de Sitter space graviton propagator found by 
Allen and Turyn [|]. Curvature two-point functions are also well-suited to evaluation by 
numerical quantum gravity on the lattice, therefore the result should be useful for comparing 
two different approaches to quantum gravity ||||. 

We will use the path integral approach to quantum gravity and constrain the path integral 
to Euclidean metrics with a fixed volume. This is basically the same setup as the theory of 
spacetime foam |4j]. The 4-sphere arises naturally as an instanton in the path integral. 

We find that the two-point function (R(x)R(x')) is a constant plus a 5— function term, 
which generalizes the known result for flat background This has a simple explanation 
because, in quantum field theory, we expect expectation values values of field equations to 
vanish. The field equations for Einstein gravity with a cosmological constant imply that 
R = 4A, therefore we expect that (R(x)R(x')) = 16 A 2 for x ^ x'. 

In a coordinate independent approach to quantum gravity, the usual two-point func- 
tion looses its meaning and it is preferable to examine the two-point function which has a 
fixed geodesic distance between the two points. This propagator has a more complicated 
functional dependence which we calculate below. The analytic result shares the qualitative 
feature of results from numerical calculations. 



II. THE SCALAR CURVATURE TWO-POINT FUNCTION 

In the Euclidean approach to quantum gravity Q , we examine the quantum fluctuations 
of the metric g about a classical background g of signature (+ + ++), 

g = g + 2/€7 (1) 

where k 2 = 8nG. The background will be a 4-sphere of radius p, related to the cosmological 
constant by p 2 = 3/A. Vacuum expectation values are defined by Euclidean path integrals. 
The graviton propagator G is defined by 

G abc ' d '(x,x') = (0\ 1 ab (x) 1 c ' d '(x')\0} (2) 

It can be decomposed into four components according to its behaviour under traces and 
divergences QTJ] 

siaba'b' r~i aba'b' , /~i aba'b' , r~i aba'b' , r~i aba'b' /o\ 
Cr — LxTT + LrT + tJX +(jrpT ■ \Oj 

We will use only the following properties of the various components for contractions with 
background metric and covariant derivative 

/-< aba'b' i„aba'b'^< i a \ 

G PT = --g g Cx (4J 



_ /~i aba'b' _ /-< aba'b' /-» aba'b' r\ /r\ 

dab^TT — dab^T — 9ab^L — U [0 ) 

V a V b G L aba ' b ' = (v a V - \g a ' b 'V 2 ) G (6) 



V a G TT aba b = V a V b G T aba b = (7) 
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Here, G(x, x') is a scalar propagator on the 4-sphere which satisfies 

(- V 2 - 2A)G(z, x) = 5{x, x') (8) 
It depends only on the geodesic separation a of x and x' and is given explicitly by 



G(x, x') = --^ sec(7rz/) F(f + i/, § - i/, 2; z) (9) 



where v 2 = 33/4 and 



z = cos 2 ^. (10) 
2p 



The first order terms in expansion of the scalar curvature are 

R(g) = R(g) + 2K 2 A abl ab (11) 

where 

A ab = V a V fe - V 2 g ab - Y b Ra b (g) (12) 
Therefore the connected two-point function is 

(R(x)R(x')) = 16A 2 + 4 K 2 A ab A a , b ,G aba ' b ' (13) 

From equations (f|-|), 

(R(x)R(x')} = 16A 2 + |V 2 5(x, x') + 2A5(x, x') (14) 
This result reduces at A = to the result for flat space derived by Modanese |5]|| . 

III. THE TWO-POINT FUNCTION OVER A FIXED DISTANCE 

The two-point function over a fixed geodesic proper distance requires a coordinate shift 
in one of the points to compensate for the metric change in the geodesic length. We do this 
by moving the second point along the original geodesic. 

Consider, for the background metric g ab , a geodesic segment x(t), from x to x' with 
proper length given by 



a g (x,x')= \J g ab x a x b dt. (15) 

J 

The tangent vector o a ' is related to a g (x,x') by 

° = 9 W (16) 
Now, for the perturbed metric g ab the geodesic length changes to 
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<Jg(x,x') = (Jg(x,x') +K I r ) a "b"°' a & b ds (17) 







where s is the proper length along the geodesic to an intermediate point x" . Hence, one has 
to introduce an appropriate displacement 5x a , such that 

a g (x a , x a ' + 6x a ') = a g (x a , x a> ) = a. (18) 

Since we also want to remain in the direction of the original geodesic, we take 

5x a ' = 5x'a a '. (19) 

Combining these equations and using (|16D gives 

8x' = — K r -i a " h "o a nO h n ds (20) 







where the integral extends from one end of the geodesic to the other. 
The difference between the two-point functions will be denoted by 

c(x, x') = (0\R(x)R(x' + 5x')\0) - (0\R(x)R{x') |0) (21) 

To first-order in 5x', 

c{x,x') = (0\R(x)5x'a a 'V a ,R(x')\0). (22) 
This can be computed to order k 2 using equations (|TTJ) and (|20|), 

c(x,x') = -8k 2 A f a ds (0\Y" b "va''Vb''V c 'V c ,A a , b!l a ' b '\0) (23) 
Jo 



This simplifies to 



c{x, x') = - r ds ^-F{a - s) (24) 
Jo da 



where 

F(a) = 8K 2 Aa a a b A a , b ,G aba ' b '(x,x'). (25) 

The value of F(a) diverges as a — > and the integral has to be regularised. Performing the 
integral gives 

c{x, x') = F{a) - F (26) 

where F is a constant that depends on the regularisation proceedure. We will absorb F as 
an order k 2 correction to A. 

For the evaluation of F(a), we use an identity from Allen and Turyn [l|], 

(V a V - \g a ' b 'V 2 )G = P - VV' - \9 a ' b ') z(l - z)^ (27) 
With equations (§-0), we obtain 

dC 

c(x, x') = -16k 2 A 2 G{z) - 4/« 2 A 2 (l - 2z)^f- (28) 
This has been plotted in figure ^. 



IV. SIMPLICIAL QUANTUM GRAVITY 



The analytic result for the two-point function can be compared with numerical results 
obtained from the method of dynamical triangulations 0, a lattice approach to quantum 
gravity. In this approach, essentially a modified version of Regge calculus 0, a smooth 
4-manifold is approximated by a simplicial manifold built from equilateral 4-simplices with 
identical edge lengths f||||. In addition, the space inside the 4-simplices is flat, with the 
curvature being concentrated on 2-simplices. 

The path integral over metrics on a manifold with spacetime volume V is defined by a 
partition function 

Z(N i ,k 2 ) = Y,e k2N2 (29) 

where the sum extends over all ways of glueing 4-simplices together, such that the 
resulting complex has the topology of a 4-sphere and N 2 is the number of 2-simplices in the 
triangulation. The parameters relate to the physical volume V and edge length a through 

(30) 
(31) 




x/5 V 



a 4 



The numerical results show different phases, but we concentrate here on the one which has 
been interpreted as Einstein gravity [[|. 

In the Euclidean path integral approach to quantum gravity, the partition function at 
fixed volume is defined by a Laplace transform in terms of the partition function with a 
cosmological constant, £§], 

Z(V) = I dAZ(A) exp(ftT 2 A\/) (32) 
Jc 

Z(A) = J dfi[g] exp(-I[<?] - ^ 2 AV[g]) (33) 

where dfi[g] is the measure, I[g] is the Einstein-Hilbert action and V[g] is the volume of the 
metric. We will have to make assumptions about the existance of a suitable integral contour 
C. 

To leading order in Planck's constant, Z(A) is dominated by the 4-sphere. This enables us 
to express any expectation value (0|/(7)|0)y obtained from the path integral with constant 
volume as 

(0|/( 7 )|0) v = jTdA(0|/( 7 )|0> exp(247r 2 K - 2 A- 1 + ^VA) (34) 

This integral has a saddle point A = A, where A 2 = 2Att 2 /V. The steepest descents contour 
is a circle centered on the origin. The saddle point gives a good approximation for V ^> n 4 
and in this case any two-point function calculated at constant volume can be replaced by 
the two-point function on the corresponding 4-sphere. 
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Numerical results show a two-point function that begins positive for small distances, 
becomes negative and then returns positive. The analytic result also has these features. 
However, from equations ( |30| - |31| ), 



A « 274.4 k^Nl 
p/a « 0.1725 Nl /4 . 



1/2 



(35) 
(36) 



The distance scale in figure || converted into lattice units differs by a factor m 4 from 
the numerical results. It could be that our identification of the bare parameters in the two 
approaches has been too naive, or that the numerical results are still to far removed from the 
perturbative regime. It would help resolve this issue if the numerical results were extended 
to significantly larger numbers of simplices. It would also be interesting to compare the 
analytic approximation with numerical results for other topologies, particularly S 2 x S 2 
which is the next simplest case to the 4-sphere. 
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FIG. 2. A plot of the scalar curvature two-point function on the four sphere background with 
the distance a fixed. C{\) = (p/k) 2 (16 A 2 )~ 2 c(x,x') and x = °7 1 Pi where p is the radius of the 
4-sphere. 
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